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ABSTRACT 
For Banach lattices E which are countably order complete or contain a topological orthogonal 
system and which do not have order continuous norm we prove the existence of non-ergodic 
operators Ton E satisfying 05 7’5 IdE. As a consequence we obtain a partial answer to a question 
of L. Sucheston if every ergodic Banach space is reflexive. 
1. INTRODUCTION 
The origin of the present paper is the following problem suggested by L. 
Sucheston ([Su]): 
(El) If E is a Banach space such that every linear contraction on E is 
ergodic, is E reflexive? 
The condition imposed upon E in (El) is of isometric nature. On the contrary 
reflexivity depends only on the isomorphic structure of the Banach space. 
Hence it seems to be more natural to ask the following question: 
(E2) If E is a Banach space such that every power-bounded operator on E 
is ergodic, is E reflexive? 
In 1986 R. Zaharopol could solve (E2) in the affirmative for countably order 
complete Banach lattices ([Z], Thm. 3.2). Precisely, he proved: 
THEOREM. Let E be a countably order complete Banach lattice. If each 
power-bounded positive operator on E is ergodic then E is reflexive. 
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In the present paper we generalize Zaharopol’s result to a class of Banach lat- 
tices containing the separable and the countably order complete Banach lat- 
tices. Our main results, however, are concerned with the existence of 
non-ergodic positive operators on a Banach lattice which are majorized by the 
identity. Precisely, this is shown for every Banach lattice without order con- 
tinuous norm which is countably order complete or which contains a 
topological orthogonal system. 
Our notation is standard and follows [LT] and [S]. However, we want to ex- 
plain some frequently used terms. Let E be a Banach space. With E’ we denote 
its dual. An operator on E is always a continuous linear map from E into itself. 
The set of all operators on E is denoted by L(E). For TEL(E) we denote with 
T’EL(E’) the adjoint of T. An operator TEL(E) is called ergodic if the se- 
quence of Cesaro means T,, := n-’ Cizh Tk, n E N, converges pointwise on E. 
In that case the pointwise limit is a projection from E onto the fixed space 
F(T) := {x~E: Tx=x} of T(cf. [DS], VIII.5.2). An operator TEL(E) is called 
power-bounded if sup, 11 T”II < 03 holds. The Banach space E is called ergodic 
if every power-bounded operator TEL(E) is ergodic. 
Let E be a Banach lattice. With E+ we denote the cone of all positive 
elements in E. For ACE we define A’ := {xeE:inf(lxl, Iyl)=O for all 
y~A}.Forw~E+wedenotebyI,,,:=U,,,,, n [- w, w] the order ideal generated 
by w in E. With E, we denote the ideal Z, equipped with the norm generated 
by the order interval [-w, w] (cf. [S], 11.7.2). An element u of E+ is called 
quasi-interior point of E+ if the closure < of Z, in E is the space E itself. The 
set of operators Z(E) := {TEL(E): there is I >0 such that -AZd,< TS AZd,} 
is called the center of E where ZdE denotes the identity on E. The terms coun- 
tably order complete, band, projection band, band projection and order con- 
tinuous norm have the same meaning as in [S]. The norm on E is called o-order 
continuous if every decreasing sequence in E+ with infimum zero converges in 
norm to zero. 
2. NON-ERGODIC OPERATORS IN THE CENTER OF A BANACH LATTICE 
Let us recall the following characterization of power-bounded ergodic 
operators due to R. Sine ([Si]). 
2.1. LEMMA. Let T be a po wer-bounded operator on a Banach space E. Then 
T is ergodic if and only if F(T) separates the points of F(T’). 
In the sequel we need only the fact that the fixed space F(T) of an ergodic 
operator T separates F(T’). For the reader’s convenience we give the easy 
proof: Let x’, y’~ F(T’) and x’fy’. Choose XE E such that (x:x> # (y’,x). Let 
y := lim, T,x. Then yeF(T) (cf. [DS], VIII.5.2) and 
(x’, y) = lim (x’, T,,x) = lim (Tix’,x) = (x:x> 
n n 
# (y/,x) =lim (T,‘y’,x) =lim (y’, T,x) = (y’,y), 
n n 
i.e., F(T) separates F(T’). 
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Most of the succeeding results rely upon the next proposition. At this point 
I wish to thank H.P. Lotz for valuable comments upon the subject of this paper 
and, particularly, for pointing out the ideas leading to our next result. 
2.2. PROPOSITION. Let E be a Banach lattice and let u be a quasi-interior 
point of E+ . Suppose there exists w E E+ such that z is not a projection band 
in E. Then there is an operator TEL(E) satisfying 01 Trld, which is not 
ergodic. 
PROOF. We may assume WIU otherwise we replace u by the supremum of u 
and w. The space E, is lattice isometric to a space C(K) of continuous func- 
tions on a compact set K where u corresponds to the function constant one ([S], 
11.7.2, 11.7.4). We introduce a multiplication between elements of E,, by means 
of the multiplication in C(K). The operators S: E, --t E,: z -+ (u - w) - z satisfies 
0 i SI ZdE,. Hence S is continuous as an operator from Z, into Z, . There exists 
a unique extension TEL(E) of S and T satisfies 0 5 TlZd,. Suppose T is 
ergodic. The pointwise limit P of the sequence of Cesaro means (T,) is a pro- 
jection satisfying O~Psld,, i.e., P is a band projection and the fixed space 
F(T) is a projection band (cf. [S], 11.2.9). Let us consider the function 
u - w E E, = C(K). We have 0 i (U - w)(t) I 1 for every t E K and (U - w)(t) = 1 
if and only if w(t) = 0. It follows that ((u - w)” - w),, M is decreasing and point- 
wise zonvergent to zero. Hence, by Dini’s theorem, ((u - w)“. w),.,,, is a null 
sequence in E,. Then ((u - w)” . w),,~ converges also in E to zero. Since 
(U - w)“. w = T” w, n E N , we finally get that (T” w), E N is a null sequence in E. 
From PO T= P we obtain Pw = 0, i.e., F(T) C_ (I,)‘. By our assumption Z, is 
not a projection band. Consequently G := E-t (I,)’ is a proper ideal of E and 
closed (cf. [S], 111.1.2). By the Hahn-Banach theorem there exists a non-zero 
linear form X’E EJ such that x[o = 0. x’ is a fixed point of T’. Indeed, we have 
x’- T’x’zO and 
0 5 (x’- T’x’, u) = (x’, u - Tu) = (x’, u - (u - w) . U) = (x’, w) = 0. 
Since Z, is dense in E we obtain x’- T’x’=O, i.e., T’x’=x’. On the other hand 
F(T) c (I,,,)’ implies ~[~(r) = 0. Hence F(T) does not separate the fixed points 
of T’ which contradicts Lemma 2.1. n 
3.ERGODIC BANACH LATTICES 
Let E be a Banach lattice. A disjoint family (u,),,~ in E+ \ (0) is called 
topological orthogonal system (t.o.s.) of E if the ideal generated by {u,: a E A} 
is dense in E. In this situation the following holds (cf. [S], 111.5.2): 
The closed ideal Z, generated by u, is a projection band in E and if P, 
(TOS) denotes the band projection from E onto Z, one has x= C, P,x for 
every XE E. 
Our first result shows that for non-order continuous Banach lattices E con- 
taining a t.o.s. one can always find a non-ergodic operator in the center of E. 
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3.1. PROPOSITION. Let E be a Banach lattice containing a t.o.s. (u,),,~. We 
assume that E does not have order continuous norm. Then there exists an 
operator T on E satisfying 0 I TI Ids which is not ergodic. 
PROOF. Let 1, := I,,, a EA. From (TOS) we deduce that if the norm on 1, is 
order continuous for every (2r EA then E has order continuous norm. Hence 
there exists o. EA such that la, is not countably order complete or does not 
have o-order continuous norm (cf. [S], 11.5.10). In both cases we find 
01 w EZ~,, such that the closure of I,,, with respect to the norm of E is not a 
projection band in Za, (cf. [LZ], 42.5, and [N], Thm. 4.4). By Proposition 2.2 
there exists a non-ergodic operator S on la, such that 01 SlZdt . On the 
other hand I,, is a projection band in E by (TOS). If PO denotes the”band pro- 
jection from E onto ZQ, then T := S 0 PO satisfies 01 Tr Zde and T is not 
ergodic. n 
We are now in a position to show that ergodic Banach lattices containing a 
t.0.s. are reflexive. 
3.2. THEOREM. Let E be a Banach lattice containing a t.o.s.. Suppose that 
each power-bounded positive operator on E is ergodic. Then E is reflexive. In 
particular every separable ergodic Banach lattice is reflexive. 
PROOF. By Proposition 3.1 E has order continuous norm. If E is not reflexive 
then there exists a positive projection from E onto a sublattice isomorphic to 
co or 1, (cf. [MN], Kor. 9, Kor. 15). Since there are non-ergodic power- 
bounded positive operators on co and I, respectively (cf. [Z]) E must be reflex- 
ive. The second assertion follows since separable Banach lattices have quasi- 
interior points. n 
In case E is countably order complete we obtain an analogue of Proposition 
3.1 which partly extends R. Zaharopol’s main result in [Z]. For this we need 
the following lemma which is a special case of [F], 17B. Let us recall that a 
positive operator T on a Banach lattice E is order continuous if for every 
decreasing net (x,), E A in E with infimum zero one has inf, TX, = 0 (cf. [F], 
14E (c)). 
3.3. LEMMA. Let E be a Banach lattice and let F be an ideal in E such that 
the band generated by F (in E) is equal to E. Furthermore, let SE L(F) be a 
positive order continuous operator on F such that sup { Sy : y E F, 0 I y IX} exists 
in E for every x E E+ . Then S has a unique positive order continuous extension 
R E L(E) and for every x E E+ 
Rx=sup{Sy:y~F,O~yrx}. 
We state now the above-mentioned extension of R. Zaharopol’s main result 
WI). 
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3.4. PROPOSITION. Let E be a countably order complete Banach lattice which 
does not have order continuous norm. Then there is an operator Ton E satisfy- 
ing 0 I TI IdE which is not ergodic. 
PROOF. There exists u E E+ such that the norm of E restricted to F : = z is not 
order continuous ([S], 11.5.10). By Proposition 3.1 there is a non-ergodic 
operator S on F satisfying 0 I S I Zdr . Let B be the band in E generated by u. 
Then B is closed in E ([S], 11.5.2), consequently FC B, and B is a projection 
band in E ([S], 11.2.11 Cor. 2). Since 01SsZdr the operator S is order con- 
tinuous, and clearly B is the band generated by F in B. Let XE B+ . We show 
that sup{Sy: y~F,Oly<x) exists in B. Since 05S(xAno)rx for every nE N 
and B is countably order complete z := supn S(xr\nu) exists in B. We claim 
z=sup{Sy:y~F,O~y~x}. Indeed, let yeF and Orylx. Then S(yAnu)l 
S(XA nu) I z for every n E iN. From y = supn (yA nu) (in F) and the order con- 
tinuity of S it follows Sy I z. Hence z is an upper bound of { Sy: y E F, 0 sylx} 
and by the definition of z it must be the least upper bound. We are now in a 
position to apply Lemma 3.3, i.e., there is a unique positive (order continuous) 
extension R E L(B) of the operator S satisfying 
for every XE B+ . Since Sys y for every y E F+ we obtain Rxrx for every 
XEB,, i.e., R 5 Ids. We define T := R 0 P E L(E) where P denotes the band 
projection from E onto B. Clearly 01 TlIde and Q=S. Since S is not 
ergodic the operator T is also not ergodic and the assertion is proved. n 
If we replace Proposition 3.1 by Proposition 3.4 we obtain by using the same 
arguments as in the proof of Theorem 3.2 the main result of R. Zaharopol’s [Z]. 
3.5. THEOREM. Let E be a countably order complete Banach lattice. Suppose 
that each power-bounded positive operator on E is ergodic. Then E is reflexive. 
In particular every countably order complete ergodic Banach lattice is reflexive. 
REMARKS. a) If E is an order continuous Banach lattice then each operator 
TEL(E) which satisfies 01 TlId, is ergodic. 
b) Propositions 3.1 and 3.4 cannot be extended to arbitrary Banach lattices 
without order continuous norm. In fact there exists a necessarily non-order con- 
tinuous AM-space E with Z(E) = (AZd,: A E IR} ([G], 3.40- 3.42). 
c) If E is a Banach space such that every operator TEL(E) with uniformly 
bounded Cesaro means is ergodic then E is one-dimensional. In fact it is enough 
to show that lR2 does not have this property. For instance the matrix 
defines a non-ergodic operator on [R2 with uniformly bounded Cesaro means. 
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